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General Instructions: 

• Marks for each question are indicated
on the question.

• NESA approved calculators may be
used

• In Questions 11-16, show all relevant
mathematical reasoning and/or
calculations

• Full marks may not be awarded for 
careless work or illegible writing  

• Begin each question on a new page
• Write using black pen
• All answers are to be in the writing

booklet provided
• A reference sheet is provided.

Total marks – 70 

Section I - 10 Marks 
• Attempt Question 1-10 on the sheet

provided
• Allow about 15 minutes for this

section

Section II – 90 Marks 
• Attempt Questions 11-14
• Allow about 2 hours and 45 minutes

for this section 
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Section I 

10 Marks 
Attempt Questions 1-10 
Allow about 15 minutes for this section 

Use the multiple choice answer sheet for Questions 1-10. 

1. Consider the statement:

∀𝑥𝑥: |2𝑥𝑥 + 5| ≤ 9 ⇒ |𝑥𝑥| ≤ 4 

Which of the following is a counterexample to this statement? 

(A) 𝑥𝑥 = 0

(B) 𝑥𝑥 = −6

(C) 𝑥𝑥 = −10

(D) 𝑥𝑥 = 10

2. What is the magnitude of the vector (cos𝜃𝜃)𝑖𝑖
~

+ (sin𝜃𝜃)𝑗𝑗
~

+ (tan𝜃𝜃)𝑘𝑘
~

 ?

(A) 1

(B) cosec 𝜃𝜃

(C) cot 𝜃𝜃

(D) sec 𝜃𝜃

3. Where 𝜆𝜆 ∈ ℝ, which of the following is a vector equation of the line through (5,3), parallel to
2𝑖𝑖

~
+ 4𝑗𝑗

~
 ?

(A) 2𝑖𝑖
~

+ 4𝑗𝑗
~

+ 𝜆𝜆(5𝑖𝑖
~

+ 3𝑗𝑗
~

)

(B) 2𝑖𝑖
~

+ 4𝑗𝑗
~

+ 𝜆𝜆(3𝑖𝑖
~
− 5𝑗𝑗

~
)

(C) 5𝑖𝑖
~

+ 3𝑗𝑗
~

+ 𝜆𝜆(𝑖𝑖
~

+ 2𝑗𝑗
~

)

(D) 5𝑖𝑖
~

+ 3𝑗𝑗
~

+ 𝜆𝜆(2𝑖𝑖
~
− 𝑗𝑗

~
)
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4. Given 𝑧𝑧 = 3 �cos 𝜋𝜋
6

+ 𝑖𝑖 sin 𝜋𝜋
6
�, which of the following is  (𝑧𝑧̅)−1 in polar form? 

 
(A)  1

3
�cos 𝜋𝜋

6
+ 𝑖𝑖 sin 𝜋𝜋

6
� 

 
(B)  −1

3
�cos 𝜋𝜋

6
+ 𝑖𝑖 sin 𝜋𝜋

6
� 

 
(C) 1

3
�cos �−𝜋𝜋

6
�  + 𝑖𝑖 sin �− 𝜋𝜋

6
�� 

 
(D) −1

3
�cos �−𝜋𝜋

6
�  + 𝑖𝑖 sin �−𝜋𝜋

6
�� 

 
 

5. Which of the following is equivalent to 𝑖𝑖𝑖𝑖? 
 
(A)  𝑒𝑒− 𝜋𝜋2 

 
(B)  𝑒𝑒

𝜋𝜋
2  

 
(C)  𝑖𝑖 

 
(D)  −𝑖𝑖 

 
 

6. State the values of 𝐴𝐴, 𝐵𝐵, and 𝐶𝐶 if 
 

4𝑥𝑥 + 10
(2 − 𝑥𝑥)(𝑥𝑥2 + 2)

=
𝐴𝐴

2 − 𝑥𝑥
+
𝐵𝐵𝑥𝑥 + 𝐶𝐶
𝑥𝑥2 + 2

 

 
(A)  𝐴𝐴 = 3, 𝐵𝐵 = −1, 𝐶𝐶 = 5,  

(B)  𝐴𝐴 = 3, 𝐵𝐵 = 3, 𝐶𝐶 = 2 

(C)  𝐴𝐴 = 5, 𝐵𝐵 = −1, 𝐶𝐶 = 0 

(D) 𝐴𝐴 = 5, 𝐵𝐵 = −6, 𝐶𝐶 = 5 

 
7. Consider the statement: “If I have power, then I have responsibility.” 

 
Which of the following is NOT an equivalent statement? 

 
(A) If I do not have responsibility, then I do not have power. 

(B) If I have responsibility, then I have power.   

(C) Either I do not have power, or I have responsibility. 

(D) I cannot have both power and no responsibility. 
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8. The velocity of a particle varies with respect to its displacement, such that 𝑣𝑣 = 9 − 6𝑥𝑥 − 𝑥𝑥2, 
what is the acceleration when 𝑥𝑥 = 0? 
 
(A)   6 

 
(B)   −6 

 
(C)  54 

 
(D)  −54 

 
 
9. An object is placed on a smooth ramp inclined at an angle of 30° to the horizontal. 

                                      

                                    
If the acceleration due to gravity is 10 𝑚𝑚𝑠𝑠−2, at what velocity is the object travelling down the 
ramp after 𝑡𝑡 seconds? 
 
(A)  5𝑡𝑡 𝑚𝑚𝑠𝑠−1 

 
(B)  5 𝑚𝑚𝑠𝑠−1 

 
(C)  5√3𝑡𝑡 𝑚𝑚𝑠𝑠−1 

 
(D) 5√3 𝑚𝑚𝑠𝑠−1 

 
 

10. Which of the following integrals is greater than zero? 
 
(A)      (B) 

     
 
 
 
(C)      (D) 

    
    
  

rr 
2 f ex

2 
cosx dx 

rr 
- 2 

1[ 

4 

J (sin2 x - cos 2 x)dx 
1[ 

-4 

1[ 

J x 3 cos x dx 
- 1[ 

1 

J sin-1 (x3) dx 

- 1 
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Section II 
 
Total marks – 90 
Attempt Question 11-16 
Allow about 2 hour and 45 minutes for this section 
 
Begin each question on a NEW page 
 
In Questions 11-14, your responses should include relevant mathematical reasoning and/or 
calculations. 
 
Question 11 (15 marks) Begin a NEW page. 
 

a) If 𝑧𝑧 = 5 + 𝑖𝑖 and 𝑤𝑤 = 4 − 2𝑖𝑖, simplify in 𝑥𝑥 + 𝑖𝑖𝑖𝑖 form 
 

i) 𝑧𝑧 + 𝑖𝑖𝑤𝑤  1 
 

ii) 𝑧𝑧𝑤𝑤�   1 
 

iii) 𝑤𝑤
𝑧𝑧
  2 

 
 

b) For the complex number 𝑧𝑧 = −3 − 3𝑖𝑖  
 

i) Express 𝑧𝑧 in the form 𝑟𝑟(cos𝜃𝜃 + 𝑖𝑖 sin𝜃𝜃). 2 
 

ii) Hence or otherwise, find the smallest positive integer 𝑛𝑛, such  2 
that 𝑧𝑧𝑛𝑛 ∈ ℝ. 
 
 

c) Prove that 𝑥𝑥2 + 𝑥𝑥 + 1 is odd for all positive integer values of 𝑥𝑥. 2 
 
 

d) If 𝑎𝑎
~

= 𝑖𝑖
~

+ 2𝑗𝑗
~

+ 3𝑘𝑘
~

 and 𝑏𝑏
~

= 4𝑖𝑖
~

+ 5𝑗𝑗
~

+ 6𝑘𝑘
~

, evaluate �𝑎𝑎
~
− 2𝑏𝑏

~
�  ⋅ 𝑎𝑎

~
. 1 

 
 

e) Find the vector 𝑣𝑣
~

 parallel to 𝑢𝑢
~

= 3𝑖𝑖
~
− 2𝑗𝑗

~
+ 4𝑘𝑘

~
 that has a magnitude of 3. 2  

 
 

f) Find:  2  
 
 

  
 

 

End of Question 11 

 

f 2x + 3 

l 
dx 

x+ 
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Question 12 (15 marks) Begin a NEW page. 
 

a) Where 𝑧𝑧 = 𝑥𝑥 + 𝑖𝑖𝑖𝑖, sketch the graph defined by 𝐼𝐼𝑚𝑚(𝑧𝑧2) = 4. 2 
 
 

b) Find the following integrals 
 
 

i)            2 

 
 

ii)            3 

          
 
 

c) Evaluate           2 
 

 
 
 

d) A particle is moving in a straight line in simple harmonic motion. The amplitude of the 
motion is 4 cm, and the period of the motion is 8 seconds. The particle begins at the 
maximum displacement from the centre of motion.  
 

i) Find when the particle is first 2 cm to the right of the centre of motion.  2 
 

ii) Calculate the maximum velocity of the particle.  2 
 

iii) Find the maximum acceleration, and the first time at which this occurs.  2 
 
 

 

 

 

 

End of Question 12 

  

I "'----;=s=+=4=
1
x=-=x=2 dx 

I . 4 3 d sm X cos X X 

..rs 
J x3J x 2 

- 1 dx 
1 
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Question 13 (15 marks) Begin a NEW page. 
 
a) It is known that 𝑃𝑃(𝑥𝑥) = 2𝑥𝑥3 − 19𝑥𝑥2 + 112𝑥𝑥 + 𝑑𝑑, where 𝑑𝑑 ∈ ℝ, has a zero of 5 + 6𝑖𝑖. 

 
i) What are the two other zeroes of 𝑃𝑃(𝑥𝑥)?  2 

 
ii) Find the value of 𝑑𝑑. 2 

 
 
 

b) If 𝜔𝜔 is a non-real cube root of unity, prove that: 
 

i) 1 + 𝜔𝜔 + 𝜔𝜔2 = 0 1 
 

ii) (1 + 𝜔𝜔2)(1 + 𝜔𝜔 − 𝜔𝜔2)7 = 128 2 
 
 
 

c) For integers 𝑎𝑎, 𝑏𝑏, 𝑐𝑐, with 𝑏𝑏, 𝑐𝑐 ≤ 9, the number 𝑥𝑥 can be written as 100𝑎𝑎 + 10𝑏𝑏 + 𝑐𝑐.  3 
For example, the number 56789 can be written as 100 × 567 + 10 × 8 + 9. 
 
Use this to prove that 𝑥𝑥 is divisible by 4 if and only if the last two digits are divisible by 4. 
 
 
 

d) Let 𝑎𝑎
~

= �
1
2
2
� and 𝑏𝑏

~
= �

2
−4
4
�. If 𝜃𝜃 is the acute angle between these vectors, find  3 

the exact value of sin 2𝜃𝜃. 
 
 
 

e) Find the point of intersection of the vector lines 2
 

𝑟𝑟
~

= �
0
3
−5

� + 𝜆𝜆 �
−1
1
2
� and 𝑞𝑞

~
= �

−1
2
3
� + 𝜇𝜇 �

−1
2
−1

� 

 

 

 

 

End of Question 13 
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Question 14 (15 marks) Begin a NEW page. 
 
 

a) A particle moves with equation of motion 𝑥𝑥 = sin 3𝑡𝑡 + cos 3𝑡𝑡 + 2 metres.  2 
Prove that the particle is moving in simple harmonic motion and find the centre 
and period of its motion.  
 
 
 

b) For integers 𝑎𝑎 and 𝑏𝑏, with 𝑏𝑏 ≠ 0, consider the statement: 
 
“If 𝑥𝑥 is irrational, then 𝑎𝑎 + 𝑏𝑏𝑥𝑥 is irrational.” 
 

i) State the contrapositive of this statement.       1 
 

ii) Hence, or otherwise, show that the statement is true.     2 
 

iii) Show that √3 is irrational, and hence deduce that 5 + 7√3 is irrational.  2 
 
 
 

c) Determine whether the origin (0, 0, 0) lies inside, outside, or on the sphere given by 2 
the equation 𝑥𝑥2 − 2𝑥𝑥 + 𝑖𝑖2 + 𝑧𝑧2 + 4𝑧𝑧 + 4 = 0. 
 
 

d) The line 𝐿𝐿1 is given by 𝑟𝑟
~

= �
1
−2
4
� + 𝜆𝜆 �

4
5
−6

� and the line 𝐿𝐿2 passes the points   2 

 (3, 8,−2) and (𝑎𝑎,−2, 10). Find the value of 𝑎𝑎 if 𝐿𝐿1 is parallel to 𝐿𝐿2. 

 

 

e) Where 𝑎𝑎 is a positive constant 
 

i) Show that           2 
 

 
 

ii) Hence, or otherwise, evaluate        2 
 

 
 

 

End of Question 14 

a a 

J f (x) dx = J f ( a - x) dx 
0 0 

1 

f x(l - x)50 dx 

0 
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Question 15 (15 marks) Begin a NEW page. 
 
 

a) The acceleration of a particle is given by  �̈�𝑥 = −1
2
𝑒𝑒−4𝑥𝑥. 

Initially, the particle is at the origin with a velocity of  �̇�𝑥 = 1
2
𝑚𝑚𝑠𝑠−1. 

 
i) Express velocity as a function of displacement. 2 

 
ii) Find the displacement as a function of time. 2 

 
iii) Describe the limiting behaviour of displacement and velocity (as 𝑡𝑡 → ∞). 1 

 
 
 
 
 

b) For the integral 

                              
 
 

i) Show that 𝐼𝐼𝑛𝑛 = �𝜋𝜋
2
�
𝑛𝑛
− 𝑛𝑛(𝑛𝑛 − 1)𝐼𝐼𝑛𝑛−2  3 

 
 

ii) Hence, find the value of 𝐼𝐼4 in terms of 𝜋𝜋. 2 
 
 
 
 
 
 
 
 
 
 
 
 

Question 15 continues on Page 10 
 
 
 
 
 
 
 
 

  

n: 
2 

In= J xncosx dx 
0 
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c) In the diagram below, 𝑎𝑎
~

= 𝑂𝑂𝐴𝐴�����⃗ , 𝑏𝑏
~

= 𝑂𝑂𝐵𝐵�����⃗ , and 𝑐𝑐
~

= 𝑂𝑂𝐶𝐶�����⃗ . 
Δ𝐴𝐴𝐵𝐵𝐶𝐶 is an acute angled triangle. 𝑂𝑂 is the point of intersection of altitudes 𝐶𝐶𝐶𝐶 and 𝐵𝐵𝐵𝐵 (i.e. 
𝐵𝐵𝐵𝐵 ⊥ 𝐴𝐴𝐶𝐶 and 𝐶𝐶𝐶𝐶 ⊥ 𝐴𝐴𝐵𝐵). 𝐴𝐴𝑂𝑂�����⃗  is produced from 𝑂𝑂 to point 𝐷𝐷 on 𝐵𝐵𝐶𝐶.  
 
 
 
 

                              
 
 

i) Show that 𝑏𝑏
~
⋅ �𝑐𝑐

~
− 𝑎𝑎

~
� = 0 and 𝑐𝑐

~
⋅ �𝑏𝑏

~
− 𝑎𝑎

~
� = 0. 2 

 
 

ii) Hence, show that 𝐴𝐴𝐷𝐷 ⊥ 𝐵𝐵𝐶𝐶.  2 
 
 

iii) What geometrical property of the triangle has been proven? 1 
 
 
  
 
 

 
End of Question 15 

  

B C 
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Question 16 (15 marks) Begin a NEW page. 
 

a)  
i) Show that (1 + 𝑖𝑖 tan𝜃𝜃)𝑛𝑛 + (1 − 𝑖𝑖 tan𝜃𝜃)𝑛𝑛 = 2cos𝑛𝑛𝑛𝑛

cos𝑛𝑛 𝑛𝑛
 2 

Where cos 𝜃𝜃 ≠ 0 and 𝑛𝑛 is a positive integer.  
 

ii) Hence show that if 𝑧𝑧 is a purely imaginary number, then the roots of  2 
(1 + 𝑧𝑧)4 + (1 − 𝑧𝑧)4 = 0 are 𝑧𝑧 = ±𝑖𝑖 tan 𝜋𝜋

8
, ±𝑖𝑖 tan 3𝜋𝜋

8
.  

 
 
 

b) Consider 𝑛𝑛 lines drawn on a plane, as shown in the series of diagrams below. Let 𝑋𝑋𝑛𝑛 be the 
maximum number of possible points of intersection of these lines.  

 
 

i) Find the values of 𝑎𝑎, 𝑏𝑏, and 𝑐𝑐 in the table below     1 
 

 
 

ii) Prove by mathematical induction that for 𝑛𝑛 ≥ 2,  𝑋𝑋𝑛𝑛 is given by   3 

 

𝑋𝑋𝑛𝑛 =
𝑛𝑛(𝑛𝑛 − 1)

2
 

 
 

c) Prove the following, where 𝑥𝑥,𝑎𝑎, 𝑏𝑏, 𝑐𝑐 are real positive numbers.  
 

i) 𝑥𝑥 + 1
𝑥𝑥
≥ 2  2 

 
ii) Hence, show (𝑎𝑎 + 𝑏𝑏 + 𝑐𝑐) �1

𝑎𝑎
+ 1

𝑏𝑏
+ 1

𝑐𝑐
� ≥ 9 2 

 
iii) Hence, show 𝑎𝑎

𝑏𝑏+𝑐𝑐
+ 𝑏𝑏

𝑐𝑐+𝑎𝑎
+ 𝑐𝑐

𝑎𝑎+𝑏𝑏
≥ 3

2
 3 
 
 

 
 

End of Examination 

n = 2 n = 3 n=4 

n 2 3 4 5 6 

1 3 a b C 
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